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Abstract: We are increasingly making use of software in such a way that we should review education in 

mathematics. The concepts of level curves and gradient field empowered by software images help the 

understanding of strategies and resolution of optimization problems by the mathematics user in the softage. 

More than obtaining solutions from straight commands and with the help of the geometric approach the 

mathematics user can realize the situations when these commands help or how to deal with a problem whenever 

they are not so helpful. 
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Introduction 

 

Let’s consider the problem of finding the shortest and the longest distances from the point {4, 5} to the elliptic 

region +   ≤ 1. It is useful to enter the following commands: 

 

 

 
 

The picture shows that the shortest and the longest distances occur between boundary points of the elliptic 

region and the fixed point {4,5}. We can obtain these points by using Lagrange equations, which assert the 

tangency as a proportionality between gradients. 
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h points towards the region outside which aligns and is opposite to h in the maximum and minimum points 

which are: 

 

 
The only point in which g vanishes is {4,5} which is exterior to the region. Well, we could have parametrized 

the region boundary by t  (t) and on these points g and  are orthogonal, once: 

 

 
that explains the proportionality between g and h. 

 

 
 

A little more complicated problem is the one to find the maximum and minimum points of 

 in a region inspired by one of Kepler's Folium (Gray) cases 

given by ,  and 

 . The region is compact and since g never vanishes, we know that we find 

maximum and minimum points in the region boundary. 
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Except for the two circumference arcs, this boundary is Kepler’s Folium, which can be written in polar 

coordinates as r() = cos(4sin² - 2),   [0, ] and therefore parametrized by (t) = r(t){cos t, sin t}. 

 

 

 

 

 

 

 

 

 

 

 

 

Well, this case of Kepler's folium is not the boundary of our region, but it is only its inspiring muse. We have 

found four points in which there is tangency between some level set of g and the folium. From these points, only 

those which also are points in the boundary of the region we have considered will be the candidates to be 

maximum or minimum points. 
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We have found the minimum of g in the region,  as the picture shows. It also shows that the minimum 

occurs in one of the two points that connect Kepler's fish eye to Kepler's folium. 

 

 

 
 

We have used Newton's method to find the roots and we can see that the maximum of  is in the left  

corner of Kepler's fish eye. 
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Recommendations 

 

We recommend this type of work for engineering and math students, who need to learn calculus with 

applications and analyze real optimization situations, review math education and general engineering education. 

Calculation optimization activities performed with software and geometric analysis tend only to bring learning 

gains. We must make this kind of approach more and more natural and every day. 
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